We report on the comparison of various quantum transport calculations for metal -vacuum tunneling structures under high electric fields. Specifically, we shall compare the WKB approximation to the Transmission Coefficient (TC) for evaluating current -voltage relationships to the more accurate Airy function approach, and both of these approaches to the Wigner Distribution Function (WDF) approach to quantum transport. The purpose of this study is to examine electron transport through metal (or semiconductor) -vacuum interfaces and to assess the utility of various techniques for their incorporation into larger simulation packages, such as Ensemble Particle Monte Carlo. As the WDF has been used for the first time to study issues of interest to Vacuum Microelectronics (VM), we assess its advantages and shortcomings.
INTRODUCTION
It is desirable to consmct a numerical simulation approach to quantum transport in order to examine fundamental issues of electron emission from the surface of a metal or semiconductor into the vacuum, which necessarily should include: open boundary conditions to allow particles to enter and exit the simulation region; incorporation of time-dependent phenomena; electron-electron and other phenomenological interactions; and finally, as the entire tunneling process takes place in a region smaller than 100 A, the simulation package should eventually be able to couple to EPMC approaches which are the work-horses of general simulations in order to model devices whose size dwarfs the tunneling region.
TC calculations [l] provide a fairly robust method for extracting current -voltage relationships for relatively low fields (0.1 to 0.5 V/A). If computer time, and in some cases, memory, are not an issue, many body effects and scattering (to : n extent) can be dealt with [2] . To our knowledge, though, an open," self-consistent, time-dependent, many body treatment has not yet emerged. Since our intention is to examine and compare the relatively fast methods, we shall deal with the simplest (from a numerical point of view) of the TC calculations, especially since they form the basis of much of the theoretical work done in VM, in part because many-body and scattering effects are not deemed to be as important [3] in VM as they are in, for example, semiconductor simulations.
A brief list of the advantages of the WDF approach [3] are: modeling of open systems; scattering and many-body effects are easily incorporated; the phase space language provides a means for coupling quantum transport simulations to EPMC simulations via "quantum particle trajectories" [5]; whereas simple TC calculations neglect the interaction of the plane wave phases, these interactions are included in the WDF implicitly; finally, as self-consistency and scattering are trivial modifications to its defining matrix equation, the WDF approach is fast and uncomplicated to impliment (this alone would make it quite attractive compared to TC). However, in spite of successes in examining quantum well devices, extracting current -voltage relationships for low elecmc fields has proven difficult for typical metal-vacuum parameters for the WDF.
THE TRANSMISSION COEFFICIENT
The ubiquitous Fowler-Nordheim (FN) equation may be calculated from the equation for current:
(where fo(k) is the one-dimensional Fermi-Dirac distribution, (hk/m) is the velocity, and T(k) is the Transmission coefficient as a function of field) by making the following approximations: (a) the majority of the current comes from a small region around the Fermi energy; (b) the WKB approximation is valid for the transmission coefficient; (c) as a result of (a) and (b), the log of the transmission coefficient may be assumed to be linear in energy in the region near the Fermi energy; (d) an image charge potential is included; and finally (e) the zero temperature limit is taken. As a result of these approximations, the FN equation is independent of both temperature and chemical potential.
The WKB approach makes approximations in turn [6] . Given the widespread use of both the FN equation and the WKB approach [1,3 and references therein] in the treatment of fundamental issues of VM, it is of considerable interest to see how these methods fare against a more rigorous evaluation of TC. The method we have used to evaluate T(K) is to assume the potential is piecewise linear and then to match the wave function and its derivatives at the points where the slope in the potential changes [8] . In Figure 1 , we compare the results of the calculation. In Figure 2 , the percent deviation of the WKB and FN approximations is typically between 20% and 30%. Note that this rather fortuitous agreement is sensitive to the value of the Fermi level; if the chemical potential were to decrease from 5.0 eV to 1.0 eV, the % error for the WKB approach would not drop below 40%. Figure 3 gives a hint as to why this happens: in the vicinity of the Fermi level, the slope of the log of TC for WKB and the exact solution differ; the exponential of a small change can lead to large differences.
THE WIGNER FUNCTION
The WDF is a phase space description of quantum mechanics. The motion of the phase space points serve to define by "quantum particle trajectories." Note that since the Wigner function is not a true probability distribution function, the motion of the phase space points do not correspond to the 
ilDiscretiztion:
Due to the magnitude of the chemical potential for metals, the distribution of incoming electrons has a relatively sharp (from a numerical standpoint) discontinuity at the Fermi momentum. Consequently, k-space should be relatively well-resolved. The magnitude and sharpness of the potential term V(x) also demands that position space be well-resolved.
However, an increased resolution in x-space cannot accompany increased resolution in k-space unless one is willing to forgo defining the potential on the same lattice that the WDF is defied upon [7] , or unless a larger number of x-and k-space points are . .
Due to the sharpness of the barrier, the WDF extends greatly in momentum space near the metal-vacuum interface. If the phase space is truncated at too small a value of momentum, the errors introduced propagate back into the low momentum regions of phase space, causing non-physical ripples and oscillations. When evaluating the density, these errors are not too severe, but when evaluating the current, which relies on fine differences between the positive and negative momentum regions of the WDF, the problems are much more acute. If one extends k-space to avoid this problem, errors associated with Ak being too coarse are introduced.
COMPARISON OF TC AND WDF FOR A SIMPLE RECTANGULAR BARRIER
For purposes of comparison, let us take a model system &fined by the following: imagine that two slabs of metal are separated by a small region of vacuum; further, assume that the electric field is constant between the two metal plates (i.e., the potential is linear), as in Figure 4 . Let the hei ht of the barrier be given by 1.6 eV, and the separation by 10% Even though this potential does not vary smoothly, it is still possible to show that the TC has a form analogous to the WKB approximation [6] , and a short calculation shows:
where v = 2m@/li2, f = 2mFp12, and w = width of the barrier,.
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and it is assumed that (v -fw) is greater than k2 (the second term in the exponential is not present when k2 > v -wf). In Figure 5 , we show a comparison of the currents evaluated by the approximate form of TC, the Airy form of TC, and the WDF approach, where particles are assumed to be incident on both sides of the barrier. The parameters for the calculations were: chemical potential p = 0.6 eV, barrier height = 1.0 eV, and temperature = 300 K. A few comments are in order: (a) the current is due to particles incident from the left side of the barrier for all the approaches for fields greater than 0.1 V/A; (b) the "ripples" in the curves for both TC and WDF are due to the presence of the second downstream metal-vacuum interface -when this interface is "infinitely" far away (the typical Fowler-Nordheim scenario), these ripples are smoothed out, much like the WKB curve; (c) the current estimated by the WDF is consistently smaller than that estimated by the TC approach; (d) the appearance of the TC and WDF curves appear qualitatively similar, but note that the ripples, due to interference effects, are a bit different. That (c) occurs may be considered surprising: it is possible that some of the difference is because the discrete Fourier transform is performed on the potential; consequently, depending on the k-space discretization, the potential barriers may appear to be larger at the metal-vacuum interfaces than they actually are [91; but even so, this would only comprise a small part of the difference. A larger part is undoubtedly due to the differences in the physics incorporated by the two methods; for instance, the Wigner function f(x,k) is "approximated" by fo(k)T(k) for the transmission coefficient approach in the c w n t integrand. 
WDF'S AND TRAJECTORIES FOR METAL
CONCLUSION
In this work, we have compared two methods for evaluating current through various one dimensional potential profiles. first, by numerically solving Schrodinger's equation (via a piece-wise Airy function approach) to extract the "exact" transmission coefficient. and second, by solving for the Wigner distribution function. The TC calculations were fiist compared to the Fowler Nordheim equation, and then to the WKB approximation for the field emission problem to assess the accuracy of the approximations. Disagreement by 20% or more in the range of interest was found. Next, the TC calculations were compared with the WDF approach to tunneling through a simple rectangular barrier, and was found to overestimate the current by comparison to the WDF current. For the WDF, issues concerning its numerical evaluation were discussed. Last, the WDF was evaluated for the field emission problem, and from it, the "particle trajectories" were constructed. Far from the tunneling region, the forces acting on the trajectories are comparable to the classical values, which bolsters the claim that trajectories may be useful for incorporating quantum tunneling into a Monte Carlo simulation of electron emission by use of a "quantum force" calculated from the Wigner function.
